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Abstract. This paper is the second in a series of papers considering 
symmetry properties of bosonic quantum systems over 2D graphs, with con- 
tinuous spins, in the spirit of the Mermin- Wagner theorem [8] . In the model 
considered here the phase space of a single spin is "Hi = L2(M) where M 
a ci— dimensional unit torus M = R'^/z'^ with a flat metric. The phase 
space of k spins is Tik = L''/"^{M^), the subspace of L2(M'^) formed by 
functions symmetric under the permutations of the arguments. The Fock 
space 71= © T-Lk yields the phase space of a system of a varying (but 

fc=0,l,... 

finite) number of particles. 

We associate a space T-L ~ 'H(i) with each vertex i G F of a graph (T,£) 
satisfying a special bi-dimensionality property. (Physically, vertex i repre- 
sents a heavy 'atom' or 'ion' that does not move but attracts a number of 
'light' particles.) The kinetic energy part of the Hamiltonian includes (i) 
—A/2, the minus a half of the Laplace operator on M, responsible for the 
motion of a particle while 'trapped' by a given atom, and (ii) an integral 
term describing possible 'jumps' where a particle may join another atom. 
The potential part is an operator of multiplication by a function (the po- 
tential energy of a classical configuration) which is a sum of (a) one-body 
potentials U^^\x), x G M, describing a field generated by a heavy atom, (b) 
two-body potentials U^'^\x,y), x,y & M, showing the interaction between 
pairs of particles belonging to the same atom, and (c) two-body potentials 
V{x,y), X,?/ G M, scaled along the graph distance d{i,j) between vertices 



1 



i,j G r, which gives the interaction between particles belonging to different 
atoms. 

We assume that a compact Lie group G acts on M, represented by a torus 
of dimension d' < d), preserving the metric and the volume in M. Further- 
more, we suppose that the potential U^^\ ^Z^^) and V are G-invariant. The 
result of the paper is that any (appropriately defined) Gibbs state generated 
by the above Hamiltonian is G-invariant. This extends the Mermin- Wagner- 
type theorems established in [7] for a narrower class of quantum 2D models. 

As in [7] , the definition of a Gibbs state (and its analysis) is based on the 
Feynman-Kac representation for the density matrices. (Following [7J, we call 
such a Gibbs state an FK-DLR state, marking a connection with DLR-type 
equations.) 

Key words and phrases: quantum bosonic particle system with jumps, 
Fock space, symmetry group, the Feynman-Kac representation, bi-dimensional 
graphs, FK-DLR states, reduced density matrix (RDM), RDM functional, 
invariance 
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1. Introduction 



1.1. Basic facts on bi-dimensional graphs. As in [7J, we suppose 
that the graph (F, S) has been given, witli the set of vertices F and the set 
of edges £. The graph has the property that whenever edge G £, 

the reversed edge belongs in £ as well. Furthermore, graph (F,£^) is 

without multiple edges and has a bounded degree, i.e. the number of edges 
(j, j') with a fixed initial or terminal vertex is uniformly bounded: 



sup max (jj {j' e F : (j, j') E £}, 

H/eF: if,j)e£}): jgf] <oo. 

The bi-dimensionality property is expressed in the bound 
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:i.i.i) 



< sup 



n 



tlS(j,n) : j e F, n = 1,2, 



< oo 



:i.i.2) 



where n) stands for the set of vertices in F at the graph distance n from 
j G F (a sphere of radius n about j): 



S(j,n) = {/GF: d(j,/) = n}. 



;i.i.3) 



(The graph distance d(j,j') = dr,^ between G F is determined as 
the minimal length of a path on {T,£) joining j and j'.) This implies that 
for any o G F the cardinality of the ball 



A(o,n) = {/GF: d{o,f)<n} 
grows at most quadratically with n. 



:i.i.4) 



1.2. A bosonic model in the Fock space. With each vertex i E T 
we associate a copy of a compact manifold M which we take in this paper to 
be a unit c?- dimensional torus R'^/z'^ with a flat metric p and the volume v . 
We also associate with i G F a bosonic Fock-Hilbert space 'H(i) ^ H. Here 
<H, = ® Hk where Hk = V^"'{M'') is the subspace in L2(M'=) formed 

A:=0,1,... 

by functions symmetric under a permutation of the variables. Given a finite 
set A C F, we set 'H(A) = ® An element (/> G ^(A) is a complex 

iGA 

function 

xl G M*^ ^ 0(xl). 



3 



Here is a collection {x*(j), j G A} of finite point sets x*(j) C M associated 
with sites j G A. Following [7J, we call x*(j) a particle configuration at site 
j (which can be empty) and x^ a particle configuration in, or over, A. The 
space M*^ of particle configurations in A can be represented as the Cartesian 
product (M*)^^ where M* is the disjoint union U M^'^), M^'^) being the 

A;=0,1,... 

collection of (unordered) fc-point subsets of M. (One can consider M*^^-* as 
the factor of the 'off-diagonal' set in the Cartesian power under the 
equivalence relation induced by the permutation group of order k.) The norm 
and the scalar product in are given by 

11011= f/ l0(xl)|Mxl 

and 

(01,02) = / 0i(x:;)02(xX)dxl 

where measure dx^ is the product x dx*(j) and dx*(j) is the Poissonian 
sum-measure on M*: 

dx*(j)= l(tlx*(j) = fc)^ n 

fc=0,l,... ' xGx*(j) 

Here v{M) is the volume of torus M. 
As in [7], we assume that an action 

(g,a;) G G X M h-^ gx G M, 

is given, of a group G that is a torus of dimension d' < d. The action is 
written as 

gx = X + M mod 1. (1-2.1) 

Here vector 6 = {6i, ... ,6^1) with components Oi G [0, 1) and OA is the d- 
dimensional vector 6_ = ((9A)i, . . . , {9A)ci) representing the element g, where 
y4 is a {d' X d) matrix of column rank d' with rational entries. The action of 
G is lifted to unitary operators UA(g) in "Ha: 

UA(g)0(xl) = 0(g-ixl) (1.2.2) 

where g-^x^ = {g"^x*(j), j G A} and g"^x*(j) = {g'^x, x G x*(j)}. 
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The Hamiltonian Ha of the system in A acts as follows: 



(Ha0)(x:,: 



E + E E 



XI 



jeA xex'ij) 



jeA xex'ij) 



jeA x,x'ex*{j) 



j,j'eA xex.*{j),x'ex.*(j') 
+ ^ A,,,vl(#x*(j) > 1, #x*(j') < /t) 



:i.2.3) 



xGx*(j) 



v{dy) 



M 



HO 



Here A^'^'' means the Laplacian in variable x G x*(j). Next, #x* stands for 
the cardinality of the particle configuration x* (i.e., #x* = k when x* G 
M*^*^'') and the parameter k is introduced in (1.3.4)j3 Further, x^*-"''^'*^''-' '^^ 
denotes the particle configuration with the point x G x*(j) removed and 
point y added to x*(j'). 

As in [7j, we also consider a Hamiltonian Ha|5ei^^ in an external field 

generated by a configuration x^^^^ = {x*(j'), j' G F \ A} G M*^"^^ where 
F C F is a (finite or infinite) collection of vertices. More precisely, we only 



^Symbol # will be used for denoting the cardinality of a general (finite) set; e.g., #A 
means the number of vertices in A. 
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consider x^;^^ with #x*(j') < k (see Eqn (1.3.4) below) and set 



4E E Af+E E 

jeAxex*{j) j€Ax£x*{j) 
jeA x,x'ex*{j) 

+ ^ E l(^'^^'V(d(j,/)) E ^(^'^') 

ij'gA xe:x.*{j),x'eyc*{j') 

jeA,j'eT\A xgx*(j),x'Gx*(j') 
+ 5^ A,,,.l(#x*(j) > 1, #x*(j') < k) 



:i.2.4) 



X E 

xgx*(j) 



t;(d?/) 



( x^'"^^^^"'^) 



The novel elements in (1.2.3), (1.2.4) compared with |7] are the presence 
of on-site potentials U^^^ and U^'^^ and the summand involving transition 
rates Xjj' > for jumps of a particle from site j to j'. 

We will suppose that Xjj/ vanishes if the graph distance d(j, j') > 1. We 
will also assume uniform boundedness: 



sup [Ajjv(x,M), G r,x G M] < oo; 



:i.2.5) 



in view of (1.1.1) it implies that the total exit rate from 

j':d{j,j') = l 

site j is uniformly bounded. These conditions are not sharp and can be 
liberalized. 

1.3. Assumptions on the potentials. The between-sites potential 
V is assumed to be of class C^. Consequently, V and its first and second 
derivatives satisfy uniform bounds. Viz., V x',x" G M 



\Vix',x")\, |VxV^(x',x")| , |Vx,x'V^(x ,x")| < V. 



[1.3.1) 



Here x and x' run through the pairs of variables x, x' . A similar property is 
assumed for the on-site potential f/*-^-* (here we need only a C^-smoothness): 



|f/W(x)|,|V.f/(^)(a;)| < U 



:i.3.2) 
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As to C/*^^) , we suppose that (a) 

U^'^\x,x') = +00 when \x — x'\ < p, 



[1.3.3] 



and (b) 3 a C^-function {x,x') 1-^ U^'^\x,x') G R such that U'''^\x,x') = 
x') whenever p(a;, x') > p. Here p{x, x') stands for the Riemannian 
distance between x,x' G M. As a result of (1.3.3), there exists a 'hard core' 
of diameter p, and a given atom cannot 'hold' more than 



K = v{M)/v{B{p)) 



:i.3.4) 



particles where v{B{p)) is the volume of a d-dimensional ball of diameter p. 
We will also use the bound 



\U^'\x,x')\, V.U^'\x,x') 



(1.3.5) 



Formally, Eqn (1.3.3) means that the operators in (1.2.3) and (1.2.4) are 
considered for functions 0(x^) vanishing when in the particle configuration 

= {x*{j),j G A}, the cardinality #x*(_7) > k for some j G A. 

The function J : r G (0, 00) J{r) > is assumed monotonically 
non-increasing with r and obeying the relation J{1) ^ as Z — >■ 00 where 



5] J(d(/,/))l(d(/,/)>/): j'ev 

.i"er 



J{1) = sup 

Additionally, let the interaction potential be such that 



< 00. 



:i.3.6) 



J* = sup 



b'er 



< 00. 



:i.3.7) 



Next, we assume that the functions U^'^\ t/^^) and V are g- invariant: V 
X, G M and g G G, 



C/(i)(a;) = U^^\gx), 

U^^\X,X') = t/(2)(gx,gx'), 

V{x,x') = V{gx,gx'). 



[1.3. 



1.4. The Gibbs state in a finite volume. Define the particle number 
operator Na, with the action 



Na(/,(x1) = #xl(/>(xl), xlGM 



*A 



:i.4.i) 
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Here, for a given = {x*{j),j e A}, stands for the total number of 
particles in configuration x^: 



[1A.2) 



The standard canonical variable associated with Na is activity z e (0, oo). 

The Hamiltonians (1.2.3), (1.2.4) are self-adjoint (on the natural domains) 
in 'H(A). Moreover, they are positive-definite and have a discrete spectrum. 



Furthermore, \/ z, (3 > 0, Ha and Ha|xi^^ give rise to positive-definite trace- 



class operators Ga = ^z,p,A ^-nd Ga|5 



Ga = z^'^ exp [ - /3Ha] Ga\^^^ = z""^ exp 



Definition 1.1. We will call Ga and Ga|x1^^ the Gibbs operators in 
volume A, for given values of z and (3 (and - in the case of Gaix^i ~ with 
the boundary condition ^y\a^- 

The Gibbs operators in turn give rise to the Gibbs states cpj^ = '-Pp^z,A 
VA|xp^^ — '^/3,z,A|5cp^^) temperature (3~^ and activity z in volume A. These 
arc linear positive normalized functionals on the C*-algebra ^a of bounded 
operators in space 1-Lk. 

<^a(A) = tr^^RAA, <^A|3.^,JA) = tr^^RA|3.^^,A, A e «a, (1.4.4) 
where 

= h(A) ^'^"^ ^^^^ = "^'^^"^^ = ^'H.^^ 

and 

Raix* = ^, ^ tGaix- with H(A|xi.) 

^ ' . X (1.4.6 

= 3.,,(A|xl^ J = tr^^ (.Na exp [ - /3Ha|3^^ J ) . O 



Here and below we adopt the following notational agreement: symbol O 
marks the end of a definition, symbol < the end of a statement and symbol 
□ the end of a proof. 
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The hard-core assumption (1.3.3) yields that the quantities H(A) and 
/3(A|xp^^) are finite; forma 
Feynman-Kac representation. 



H2j3(A|xp^^) are finite; formally, these facts will be verified by virtue of the 



Definition 1.2. Whenever A° C A, the C*-algebra !8ao is identified with 
the C*-sub-algebra in 23a formed by the operators of the form Aq ® Ia\ao. 
Consequently, the restriction cp^ of state (/^a to C*-algebra 5Bao is given by 



(^f(Ao)=tr^^^Rf Ao, AoG^Bao. (1.4.7) 



where 



<=tr^,,,oI^A- (1-4-8) 

Operators (we again call them RDMs) are positive-definite and have 
tTnj R^" = 1. They also satisfy the compatibility property: V A° C A^ C A, 



In a similar fashion one defines functionals V^Aisi operators RAi'xi ; 

r\A ' r\A 

with the same properties. O 

1.5. Limiting Gibbs states. The concept of a limiting Gibbs state 
is related to notion of a quasilocal C*-algebra. For the class of systems 
under consideration, the construction of the quasilocal C*-algebra fBr is 
done along the same lines as in [7]: 35r is the norm-completion of the *- 
algebra (^p) = lim ind ^a„ - Any family of positive-definite operators R^" 

in spaces "Hao of trace one, where A*^ runs through finite subsets of F, with 
the compatibility property 

R^' = tinj R'^", A^ C A°, (1.5.1) 

determines a state of Q3r, see [1]. 

Finally, we introduce unitary operators UAo(g), g G G, in l-Lj^o: 

Ua0(x;;o) = (/'(g-^x^o) where 

g-^x^o = {g-^x*(j), J e AO} and g-^x*(j) = {g-^a; : x G x*(j)}. 

(1.5.2) 
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Theorem 1.1. Assuming the conditions listed above, for all z,/3 e 
(0, +00) and a finite A° C F, operators form a compact sequence in 
the trace-norm topology in Hao as A T . Furthermore, given any family 
of (hnite or inhnite) sets T = T{A) C T and conhgurations x^^^ = {x*{i),i G 

r \ A} with #x*(i) < K,, operators R-A°xp^^ ^^^^ form a compact sequence in 

the trace-norm topology. Any limit point, R^°, for I^-a"! or ^R^^^ | as 

A r, is a positive- definite operator in H{A^) of trace one. Moreover, if 
A^ C A° and and R^^ are the limits for and R^' or for R^L and 

R^i-* along the same subsequence Ag T then the propety (1.5.1) holds 

' r\A 

true. 

Consequently, the Gibbs states (f^ and V'aIx* form compact sequences 
as A r.< 

Definition 1.3. Any limit point (p for states and ip^^^ is called a 
limiting Gibbs state (for given z,(3 G (0, +00)). 

Theorem 1.2. Any limiting point, R^°, for |r^"| or 

■|-^A|5ci as A r, is a positive- definite operator of trace one commuting 
with operators \J\o (g) : V g e G, 

UAo(g)-^R^°UAo(g)=R^°. (1.5.3) 

Accordingly, any limiting Gibbs state (p of f& determined by a family of 
limiting operators R"^" obeying (1.5.3) satisfies the corresponding invariance 
property: V finite A° C F, any A G 23 a" and g G G, 

(^(A) = (^(UAo(g)-^AUAo(g)).< (1.5.4) 



Remark 1.1. Properties (1.5.3) and (1.5.4) are trivially fulfilled for the 
limiting points R^° and cp of families {Ra°} and {<Pa}- However, they require 
a proof for the limit points of the famihes {Ra°x*^ } and {Va|x*^^}- 

The set of limiting Gibbs states (which is non-empty due to Theorem 
1.1), is denoted by C5°. In the Section 3 we describe a class C5 D (15° of 
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states of C*-algebra ^ satisfying the FK-DLR equation, similar to that in 

ra- 



il 



2. Feynman-Kac representations for the RDM kernels in a finite 
volume 



2.1. The representation for the kernels of the Gibbs operators. 

A starting point for the forthcoming analysis is the Feynman-Kac (FK) rep- 
resentation for the kernels KA(xX,yX) = K^,2,a(xX, y^) and Fj^{:icl,yl) = 
F/3,2,A(xX,yX) of operators Ga and Ra- 

Definition 2.1. Given {x,i), {y,j) G Mx F, j) (j^^) denotes the space 
of path, or trajectories, to = uj(x,i),iy,j) in M x F, of time-length /3, with the 
end-points (x, i) and {y,j)- Formally, ZJ G is defined as follows: 

uJ: T e[0,/3]^ cU(r) = (m (cJ, r) , / (cJ, r) ) e M x F, 

uj is cadlag; ^(0) = {x,i),uJ{/3-) = (yj), ,^ ^ 

UJ has finitely many jumps on [0,/9]; 
if a jump occurs at time r then d [/(cJ, t — ) , / (a;, r)] =1. 

The notation aJ(r) and its alternative, {u (cJ, r) , / (cJ, r) ) , for the position and 
the index of trajectory uJ at time r will be employed as equal in rights. We 
use the term the temporal section (or simply the section) of path a; at time 

T. O 

Definition 2.2. Let x^ = {x*(i),i e A} e M*^ and y^;^ = {y*(i),i G 
A} e M*^ be particle configurations over A, with #Xa = #yA- A match- 
ing (or pairing) 7 between Xa and Ya is defined as a collection of pairs 

[(x, i), (y, j)]^, with i.j G A, a; G x*(i) and y G y*(j), with the properties 
that (i) V i G A and x G x*(i) there exist unique j G A and y G y*(j) such 
that (x, i) and (y, j) form a pair, and (ii) V j G A and y G y*(j) there exist 
unique i G A and a: G x*(i) such that (x, i) and (|/,i) form a pair. (Owing to 
the condition #Xa = #yA) these properties are equivalent.) It is convenient 
to write [{x,i),{y, i% = [(x, i), 7(x, i)]. 
Next, consider the Cartesian product 

^■^A.=.J,.,J„<..*.., (2.1.2) 

and the disjoint union 
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Accordingly, an element cja G W * * in (2.1.2) represents a collection of 
paths uJx,i, X G x*(i), 2 G A, of time-length /3, starting at (x, and ending up 
at 'y{x,i). We will say that ZUa is a path configuration in (or over) A. O 

The presence of matchings in the above construction is a feature of the 
bosonic nature of the systems under consideration. 

We will work with standard sigma- algebras (generated by cylinder sets) 

in W^fi,yX,7 and T^f*,^* • 

Definition 2.3. In what follows, ^{t), t > 0, stands for the Markov 
process on M x F, with cadlag trajectories, determind by the generator C 
acting on a function {x,i) E M x A i) by 

£^(x,2) = -Ja^(x,0+ V \, f v{dy)[ij{y,j)-ij{x,i)\. (2.1.4) 

j:d(i,j)=l 

In the probabilistic literature, such processes are referred to as Levy pro- 
cesses; cf., e.g., IH]. 

Pictorially, a trajectory of process ^ moves along M according to the 
Brownian motion with the generator —A/2 and changes the index i G F 
from time to time in accordance with jumps occurring in a Poisson process 
of rate ^ Aj.j. In other words, while following a Brownian motion rule 

j:d(i.j)=l 

on M, having index z G F and being at point x G M, the moving particle 
experiences an urge to jump from i to a neighboring vertex j and to a point y 
at rate \ijv{(\.y). After a jump, the particle continues the Brownian motion 
on M from y and keeps its new index j until the next jump, and so on. 
For a given pair (x,i), (y, j) G M x F, we denote by P^^. j) (y^) the non- 

normahsed measure on ^^(^ j) induced by ^. That is, under measure 

^fxi) {y j) trajectory at time r = starts from the point x and has the 
initial index i while at time r = /3 it is at the point y and has the index j. 
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The value = ( ) is given by 



-/5 E A^. 



P(a;,i),(j/,j) = l(i = j)PMix, y) exp 

i:d(ij)=l 

fc>l lo=i,h,—,lk,h+i=3 0<s<k 




dr^ exp 



xl 



j:d{h,j)=l 



(2.1.5) 



To <Ti < ... <Tk < Tfc+l 



where p^{x,y) denotes the transition probabihty density for the Brownian 
motion to pass from a; to |/ on M in time /3: 



1 



(27r/3)'^/2 



^ exp (-|x-y + ri|72^), (2.1.6) 



n=(ni,...,nd)ez'* 



In view of (1.2.6), the quantity P{x,i),{y,j) and its derivatives are uniformly 
bounded: 

P{x,i),{y,j)^ \^xP{x,i),{y,j) \ , \^yP(x,i),(y,j)\ < Pm, x,y e M,i,j e F, (2.1.7) 
where pm = Pm{P) G (0, +oo) is a constant. O 



We suggest a name 'non-normalised Brownian bridge with jumps' for the 
measure but expect that a better name will be proposed in future. 

Definition 2.4. Suppose that = {x*(i),i G A} G M*^ and = 
{y*(j),j e A} e M*^ are particle configurations over A, with = #yA- 
Let 7 be a pairing between and y^. Then P^. y, denotes the product- 
measure on 



Furthermore, P.^. stands for the sum-measure on W^* ^* : 

' -^A'^A ^A'JA 



(2.1.8) 



(2.1.9) 
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Accordine to Definition 2.4, under the measure P^. „. ^, the traiectories 

^x,i £ ^(x,i),7(x,i) constituting oJa are independent components. (We employ 
the term independence in the measure-theoretical sense here.) 

As in [7], we will work with functionals on W^f* y* ^ representing integrals 
along trajectories. The first such functional, h'^(aJA), is given by 



(2.1.10) 



ieA a;Gx*(i) 

+\ y: e h(-^)'(^''^')(c..„c..,.). 

(j,j')GAxA xex*(i),a;'ex*{i') 

Here, introducing the notation u^^iir) = u(uJx^i,T) and Ux^i'ir) = u{jjJx\i',T) 
for the positions in M of paths u^^i G and cJ^^/^j' G at 



time r, we define: 



^''dr [/«(w,.(r)). 



(2.1.11) 



Next, with Ix^iir) and /x',i'(''") standing for the indices of ujx,i and ujxi,i' at 
time T, 

h("'')'("'''')(^x,i,cJ.',iO 

= /" dr 5^f/(2)(M.,.(r),M,,,,(r))l(/,,i(r) =/ = /,,,i,(r)) 

+ \ J{d{f,f)) 



(2.1.12) 



(j',i")erxr 

xV(ui^x{T),Ui'^x'{r))lilx,i{T)) = j' j" = lx',i'{T) 



Next, consider the functional h'^(wA|xi,^^): for x^^^ = {x*(j), j G r\A}. 
As before, we assume that 7^x*(j) < k. Define: 



h^(aJA|xf^J = h^(aJA) + h^(aJA| Ixf^A)- 
Here h^(aJA) is as in (2.1.10) and 



(2.1.13) 



h^(aJA| Ixf^A) 



E E h(^'^)'(^''^')(cZ;.„(x',z')) 

(j,j')GAx(r\A) xgx*(i),s'ex*(i') 

(2.1.14) 
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where, in turn, 



h(^'^)'(^'^')(cZ;.„(x',^')) 



dr 



f/(2)(^n,,,(r),x')l(/,,(r)=z' 



(2.1.15) 



jer-.j^i' ^ 

The functionals h^(aJA) and h^(ZJA| l^f\A) interpreted as energies of path 
configurations. Cf. Eqns (2.4), (2.5) in [7]. 

Finally, we introduce the indicator functional aA(^A): 



1, if index /^^^(r) G A, V r G [0,(3], 
OiA[^A) = < i e A and x G x*(i), 
0, otherwise. 



(2.1.16) 



It can be derived from known results [TO], [15] (for a direct argument, see 
[5]) that the following assertion holds true: 

Lemma 2.1. The Gibbs operators Ga and Ga|x^i^^ act as integral oper- 
ators in 'H(A): 

(Ga0)(x1)= / n n v{dy)KA{^l,yl)<f>{yl) (2.1.17) 

and 



" jeAj/ey*(i) 



/ n n ^(dy)KA(xl,yl|xf )0(y; 



(2.1.18) 



Moreover, the integral kernels KA(xA,yA) and Ka(xa, y^lx^^^) vanish if 
#x^ 7^ ^Ya- On tie other hand, when #x^ = #yX, t-he kernels 
Ka( ^ajYa) ^^'^ K!a(^A) yAl^f\A) ^<^™^'* ^■'^^ following representations: 



X exp [ — h^(aJA 



P^. y* (da;A)aA(<^A) 



(2.1.19) 
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and 

KA(xX,yl|xf^^) = z*"^ /_ pf*^y*(daJA)aA(^A) 
xexp [-h^(a;A|xf^^)J. 

The ingredients of these representations are determined in (2.1.10)-(2.1.15). 

Remark 2.1. We want to stress that, owing to (1.3.3), (1.3.4), a non-zero 
contribution to the integral in the RHS of (2.1.19) can only come from a path 
configuration ZUa = {w^.i} such that V r G [0,f3] and V j G F, the number 
of paths ujx,i with index lx,i{T) = j is less than or equal to k. Likewise, the 
integral in the RHS of (2.1.20) receives a non-zero contribution only come 
from configurations lJa = {^* j} for which, V j G F, the number of paths oJx,i 
with index lx,i{T) = j plus the cardinality 7^x*(j) does not exceed k. 

2.2. The representation for the partition function. The FK- 

representation of the partition functions S(A) = H^^^(A) in (1.4.5) and 
H(A|xp^^) in (1.4.6) refiect a specific character of the traces tr Ga and 
tr Ga|5ci ^ in 'H(A). The source of a complication here is the jump terms 
in the Hamiltonians i^A and H\\^^_^^ in Eqns (1.2.3) and (1.2.4), respectively. 

In particular, we will have to pass from trajectories of fixed time-length f3 to 
loops of a variable time-length. To this end, a given matching 7 is decom- 
posed into a product of cycles, and the trajectories associated with a given 
cycle are merged into closed paths (loops) of a time-length multiple of /3. (A 
similar construction has been performed in [3].) 

To simplify the notation, we omit, wherever possible, the index /3. 

Definition 2.5. For given {x,i),{y,j) G M x F, the symbol 
denotes the disjoint union: 

WUiy.^= U K%,iy.) (2-2.1) 

fc=0,l,... 

In other words, is the space of paths Vl* = ^lx,i),{y,j) in M x F, of a 

variable time-length kp, where k = k{Q*) takes values 1,2,... and called the 
length multiplicity, with the end-points (x, i) and {y, j). The formal definition 
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follows the same line as in Eqn (2.1.1), and we again use the notation Q*(t) 
and the notation r), Z(Q*, r)^ for the pair of the position and the 

index of path Q* at time r. Next, we call the particle configuration {fi*{T + 
/3m), < m < k{fl )} the temporal section (or simply the section) of Q at 

time r G [0,/3]. We also call ^^^iUyJ) ^ ^kiUvJ) ^ P^^^ ^^^^^ 
to iy,j))- 

A particular role will be played by closed paths (loops), with coinciding 
endpoints (where {x,i) — {y,j))- Accordingly, we denote by W*^^ the set 

^{x,i),{x,i)- element of W*^^ is denoted by fi* ^ or, in short, by and called 
a long loop at vertex i. The length multiplicity of a long loop fi* ^ G W*^ 
is denoted by A;(r2* J or kx,i- It is instructive to note that, as topological 
object, a given long loop il* admits a multiple choice of the initial pair (a;, i): 
it can be represented by any pair («((]*, r), l{VL* , r)) at a time t — 1(3 where 
I — 1, . . . , k{fl*). As above, we use the term the temporal section at time 
T e [0,(3] for the particle configuration {17* j(r + (3m), < m < kx,i} and 
employ the alternative notation {u{t + (3m;Q*),l{T + (3m;Q*)) addressing 
the position and the index of fl* at time r + (3m e [0, (3k{fl*)]. O 

Definition 2.6. Suppose = {x*(i),i e A} e M*^ andy^ = {y*(j) J ^ 

A} e M*"^ are particle configurations over A, with = ^y^- Let 7 be a 
matching between and y^. We consider the Cartesian product 

W** * = X X w! -s r -s (2.2.2) 

and the disjoint union 

^4>yl = U ^kyhr (2-2-3) 
7 

Accordingly, an element 17^ G M^xj^^y*^^ in (2.2.3) represents a collection of 

paths f2* j, ,T G x*(i), i G A, of time-length (3, starting at (x, i) and ending up 

^-t {Uti) = li^-i '^)- We will say that 17^ ^ ^y^'f^,y*i^ ^ long-path configuration 
in (or over) A. 

Again, long loops will have a special role and deserve a particular nota- 
tion. Namely, W** denotes the Cartesian product: 



A ieAa;ex*(i) 
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and stands for the disjoint union (or equivalently, the Cartesian power): 

An element ft* — ft\ e is called a long-loop configuration over 

A and is a collection {f2*(i),i G A} of long-loop configurations at vertices 
i G A starting and ending up at particle configurations x*(i) G M* (note 
that some of the i7*(i)'s may be empty). The temporal section (or, in short, 
the section), r2*(r), of ft* at time r is defined as the particle configuration 
formed by the points j(T -|- /3m) where i E A, x E x*(i) and < m < k^^i- 
O 



As before, we consider the standard sigma-algebras of subsets in the 
spaces W^^h ^4,yX,7' ^4,yX' introduced in Defi- 

nitions 2.5 and 2.6. In particular, the sigma-algebra of subsets in will be 
denoted by 2Ua; we comment on some of its specific properties in Section 
3.1. (We also will consider an infinite- volume version of in Section 
3.2 and after.) 

Definition 2.7. Given points {x,i),{y,j) G M x F, we denote by 
'^Ui),{y,3) sum-measure on Wl^^^^^^^^^y. 

^{x,i),{y,j) = X] ^{x,i),{y,3y (2.2.6) 

*;=0,1,... 

Further, P * j denotes the similar measure on 

A;=0,1,... 



Definition 2.8. Let = {x*(i),i G A} G M*^ and = {y*(i),i G 
A} G M*^ be particle configurations over A, with #x^ = ^Ya- Let 7 be a 
matching between x^ and y^, we define the product-measure Px*^y*^-y: 
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and the sum-measure 

7 

Next, symbol P**^ stands for the product-measure on W**^: 

p:^= X X p;,. (2.2.10) 

Finally, df2^ yields the measure on 1^/: 

dOl = dxl X P:-^(d01). (2.2.11) 
Here, for x^ = {x*(0) ^ £ we set: dx^ =11 11 v{dx). For sites i 

iGA a;Gx*(j) 

with x*(i) = 0, the corresponding factors arc trivial measures sitting on the 
empty configurations. O 

We again need to introduce energy-type functionals represented by inte- 
grals along long loops. More precisely, we define the functionals h^(r2^) and 
h^(r2^|xiT^^) which are modifications of the above functionals h^(aJA) and 
h'^(aJA|xiT^^); cf. (2.1.10) and (2.1.14). More precisely, for a long-loop con- 
figuration = {fili} over A with an initial and final particle configuration 
xX = {x*(i), i e A},' 

ieA xex*{i) 

+1 H E l((^,^)7^(^^^'))h(^'^^'^^''H^^:,,^:^.')• 

(i,i')GAxA xex*{i),x'&x*{i') 

(2.2.12) 

To determine the functionals h^'*(f2* J and h(^'*)'(^''*')(f2* j, Q*, ■,), we set, for 
given m = 0, 1, . . . , kx,i — 1 and m' = 0, 1, . . . , kx\i' — 1: 

Ui,x(r + /3m) = u(t + pm; k^^ir + pm) = l{r + pm; 

Ui>,x'{r + pm') = u{t + Pm'] Vtl,-,), k^x'{r + pm') = 1{t + pm'] ^1, ,,). 

Here we employ a (slightly) shortened notation /^^^^(r -|- /3m) for the index 
1{t -\- Pm]Vtl^^ and Ui^xi^ + pm) for the position u{t -\- Pm]Vt*^^^ for f^*_j(r) G 
M X r, of the section il* j(T) of the long loop ^ at time r, and simiarly 
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with li'^x'i^ + f^m') and Uii^^'i^ + ^fn'). (Note that the pairs (x, i) and (x', i') 
may coincide. ) Then 



dr 



1] f/«(«,,,(T + /3m)) 

0<m<fc^_i 

+ 5] ^l(/,,,(T + /3m)=j = /,,,(r + /3m')) (2.2.13) 

0<m<m'<kx,i jer 



and 



h(x,i),(«',i')(jj;_.,!j;,,; 



dr 



5^ t/(')(M^,i(T + /3m),ii^.,i,(T + /3m')) 



xl(^/3,,i(r + /3m) =j = lx,^i,{T + /3m') ^ 
+ ^(d(j,/))l^(iii,x(T + /3m),iii.,^.(T + /3m')) 



OjOerxr 



xl (|z^,i(r + /3m) = j' = + Z^^')) 



(2.2.14) 

Next, the functional B{Q,*f^ takes into account the bosonic character of 
the model: 



B{ni)=ll n (2-2.15) 

The factor k~l in (2.2.15) reflects the fact that the starting point of a long 
loop f2* j may be selected among points M(/3m, J arbitrarily. 

Farther, we are going to define the functional h^(fi^|xi^^): for x^^^ = 

{x*(j), j e r \ A}, again assuming that #x*(j) < n. Set: 



h^OAlxf^j = h\ni) + h^(o;| ixi^j. 

Here h^(0;v) is as in (2.2.12) and 

= E E h(-'^)'(^''^')(Q:„(x',o) 

{i,i')eAx{r\A) xex*{i),x'ex*{i') 



(2.2.16) 



(2.2.17) 
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where, in turn, 



h<'-'"'''''i(n;„(j','i')) 



E 



0<m<kx.i 



dr 



f/^'^ (n.,i(r + /3m), x') 1 (/,,,(r + (3m) = z') 



(2.2.18) 



+ J2 ^(^0'' ^'))^ + /3m), x') 1 (/,,i(r + /3 



mj = J 



As before, the functionals h^(r2^) and h^(f2^| jx^.^^) have a natural inter- 
pretation as energies of long-loop configurations. 

Finally, as before, the functional aA{fl\) is the indicator that the collec- 
tion of long loops fl\ = j} does not quit A: 



1, if n^iir) eMxA, VieA, xG x*(i) 
"a(^a) = < and < r < /3A;3,_i, 
0, otherwise. 



(2.2.19) 



Like above, we invoke known results |TU], [15] to establish the following 
statement (again a direct argument can be found in [5]): 

Lemma 2.2. The partition functions H(A) in (1.4.5) and H(A|x|;^^) in 
(1.4.6) admit the representations 

H(A)= / dniB{ni)aA{fll)exp [-h^(f2X)] (2.2.20) 



and 



dniBini)aAini) exp -h^(ri *A I Ixf^A) 



(2.2.21) 



with ingredients introduced in (2.2.5)-(2.2.19).<l 



Again, we emphasise that the non-zero contribution to the integral in Eqn 
(2.2.20) can only come from long-loop configurations fl\ = {^2* j,i G A,x G 
x*(i),-i G A} such that V vertex j G A and r G [0,(3], the total number of 
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pairs {ux,i{T + m^), lx,i{T + m^)) with < m < kx^i, and 1{t + m^) — j does 
not exceed k. 

Remark 2.2. The integrals in (2.2.20) and (2.2.21) represent examples of 
partition functions which will be encountered in the forthcoming sections. See 
Eqns (2.3.17), (2.3.18), (2.4.4), (2.4.6), (2.4.8), (2.4.10), (3.1.4) and (3.1.6) 
below. A general form of such a partition function treated as an integral 
over a set of long-loop configurations rather than a trace in a Hilbert space 
is given in Eqns (2.3.17) and (2.3.18). 

2.3. The representation for the RDM kernels. Let A°,A be finite 
sets, A'' C A C r. The construction developed in Section 2.2 also allows 
us to write a convenient representation for the integral kernels of the RDMs 
R^" (sec Eqn (1.4.9)) and R^!-. . In accordance with Lemma 2.1 and the 

definition of R^° in (1.4.9), the operator R^" acts as an integral operator in 
(RiV) (x*°) = /■ n ^(dy)Fr(x*°,y*°)0(y*°) (2.3.1) 

where 

Ff(x*o,y*0) 

^= / ,,0 n n ^(d^)FA(x*°Vzl^^o,y*°Vzl\^o) 

7m*a\a j.g^\^o^g^*(j) (2.3.2) 

_ 5f(x-°,y*°;A\A°) 
H(A) 

We employ here and below the notation x**^ and y*° for particle config- 
urations x*o = {x*(i), i e A°} and y^o = {y*{j), j £ A°} over A°. Next, 
x*° V z^^^o; y**^ V z^^^o denotes the concatenated configurations over A. 

Similarly, the RDM R^°5j* is determined by its integral kernel F^°-. (x*°, ^ 
again admitting the representation 

(x*o,y*0;A\ A0|5e.,J 
Fa|3^^,(x ,y )- . (2.3.3) 
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As in [7], we use for and F'}?-^ the term the RDM kernels (in short, 

' r\A 

RDMKs). The focus of our interest are the numerators (x*°, y*°, A \ A") 

--AO 

and (x*°, y*°; A\A°|xi^^) in (2.3.2), (2.3.3). To introduce the appropriate 
representation for these quantities, we need some additional definitions. 

Definition 2.9. Repeating (2.2.2)-(2.2.3), symbol iy*,O y.o denotes the 
disjoint union [J IV**o y*o over matchings 7° between x*° and y*°. Ac- 

cordingly, element = f2^*o^y*o^^o 

*o,y*o„70 yields a collection of long 
paths f^J^,i),^o(^,i) e Vr(l,,),^o(x,i) lying in M x T. Each path ^^(^,i),^o(^,i) has 
time-lengths /3k(cc,i),{yj), begins at (x, i) and ends up at {y,j) = 7°(a:, i) where 

X E y E y*(j)- Like above, we will use for fl the term a long-path 

configuration over A°. Repeating (2.2.8)-(2.2.9), we obtain the measures 
P*,o,y*o,-yO on iy*.o_y*o_^o and P*.o,y,o on W^*o^y*o. O 

The assertion of Lemma 2.3 below again follows directly from known 
results, in conjunction with calculations of the partial trace tr-^^^^j, in 
The meaning of new ingredients in (2.3.3)-(2.3.6) is explained below. 

^AO 

Lemma 2.3. The quantity (x*°,y*°; A \ A°) emerging in (2.3.2) is 

set to be when ^x*" 7^ #y*°- On the other hand, for #x*° = #y*°, 



Sf (x*o,y*0;A\ A") = f P;o,y*o(df7*V(f2*°) 

xa^(n*')l{n*' E ^^°) exp [-h^''(n*°)l if (A \ A°in* 



(2.3.4) 



where 



Ha iA\A'\n')= / df21\Ao5(f^MAo) 

"^^Aao (2.3.5) 

xaA(f^MAo)l(f^MAo e-^^")exp [-h^\^°(f7^^o |n*V 



-AO _ 

Similarly, the quantity Ha (x*", y*"; A\ A° | x^,^^) from (2.3.3) vanishes when 
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#x*" ^ #y*". For #x*" = #y*", 



wiere 



sf(x*°,y*0;A\AO|xf^J 

p*.o,y*o(dn*°)s(n*°) 

W^tO y*() 

xaA(n*°)l(n*° G ^^") exp [-h^°(n*°|xf\A) 



xsf (A\A°|12*° Vx 



if (A\A°|n*°vx: 



(2.3.6) 



w 



a\aO 



xl(01^^o e ^^") exp -h^\^"(01\^o|0*" V xf ) 



.< (2.3.7) 



Let us define the functionals 5(12""), a\{Q^"), l(f2"" e ^^°), l(r2^\^^o G 

in (2.3.3)-(2.3.7). (The functionals B{ft*j^^^^o) and Q;A(f2A\Ao)) defined as 
(2.2.15) and (2.2.19), respectively, replacing A with A \ A°.) 

To this end, let f2 = rt^*o^y*o^^o G W-^*o^y*o^jO be a long-path configu- 

— ^* — * 

{x,i),^^(x,i) ^ {x,i),'y*^{x,i) 



ration represented by a collection of long paths 
(f2* j in short), with end-points {x,i) and {y,j) — 7°(a;,i), of time-length 



Pk{x,i),{y,j)- The functional B{fl*^) is given by 



B(sr°)=n n 



2, {^,i),(v,j) _ 



(2.3.^ 



?GA a;ex*(i) 

The functional q;a(12"") is again an indicator: 

1' if %,i)n-^x,i)i^) eMxA, ViGA, xG x*(^) 



«a(0*°) 



and < r < 
0, otherwise. 



(2.3.9) 



Now let us define the indicator function 1( • G J-"^") in (2.3.4)-(2.3.7). 
The factor 1(12 G T^ ) equals one iff every long path ^{x,i),{y,j) from 12 , 
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of time-length /3k(^cc,i),{y,j), starting at {x,i) G M x A° and ending up at 
= I'^i^i'i) G M X A° remains in M x (A\ A°) at the intermediate times 
/3l for / = l,...,k(a,^i)fyj) - 1: 

KMy,j)(^l^) M X A° V / = 1, . . . , k(^.,iuy,j) - 1 

(when k(^x,i),{y,j) = 1) this is not a restriction). 

Furthermore, suppose fi^VA" ~ ^x* „ ^ long-loop configuration over 

A \ A'', with the initial/end configuration x^^^o = G A \ A"}, rep- 

resented by a collection of long loops G A \ A'^.x G x*(i). Then 

l(^A\Ao £ J^^") = 1 iff each long loop ^2* j of time-length /3kx,i, beginning 
and finishing at (x, i) G M x (A\ A°), does not enter the set M x A° at times 
/3l for I = l,...,kx,i- 1: 

n^.m ^ M X A° V / = 1, . . . , k,,i - 1 

(again, if kx,i — 1, this is not a restriction). 

The functional (H ) in Eqn (2.3.4) gives the energy of the long-path 
configuration fl and is introduced similarly to Eqn (2.2.12), mutatis mutan- 
dis. Next, the functional h^^^"(r2^^^()|r2 ) in (2.3.5) represents the energy 

of the long-loop configuration fi^y^o in the potential field generated by the 

— *o 

long-path configuration ft : 

h^\^°(i2;\^o|n*°) = h^\^°(i2*^^o) + h{n*'\ \ni^j,o). (2.3.10) 

Here, the summand h^\^"(r2^^y\^o) yields the energy of the long-loop configu- 
ration r2^\^^o; again cf. (2.2.12). Farther, the term h{n \ yields the 

energy of interaction between 17 and J^a^au: for a long-path configuration 
Q = {^xi} ^ M^x*0y*0 70 ^ long-loop configuration O^^^o = {^l' i/} e 

^MAo: 

h(n*'i i^i^^o) 

^ j2 y: h(-)-(^'''')(n;^,j,;,^,). (2.3.11) 

{i,i')eA° X (A\AO) a;ex*(j),i;'€x* (i') 
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Here, for a long path fi^ • = ^^(^,i),^o(^,i), of time-length pk^^^i^^^o^^^^), and a 
long loop Q*, ■,, oif time-length /3kx,i, 

• jer 

xl(^/(a;,i),70(2._i)(r /3m) = i = + /3"^')) 

+ ^ J(d(j, /) )y(«i,,(r + /30, (r + /3m')) 



X / dr 
Jo 



(2.3.12) 



jj'erxr 



X 1 (^(a;,i),70(x,i) + /3m) = J ^ f = (r + /3m')) 



Here, in turn, we employ the shortened notation for the positions and indices 
of the sections n(^,i),^o(^,i)(r + /3m) and Q*,_i,(T + ^m') of n*^^i)_^o(^,i) and Q*,^^, 
at times r -|- ^m and r -|- /3m', respectively: 

Mi,^(r + /3m) = M(r + /Sm^TT^^^^^^^o^^^i)), li,^{T + /3m) = 1{t + /3m; nj^^i)_^o(^,i)), 
^ii',cc'(T + Pm') = 'u(t + /3m'; rtl, ^,), k^^,{r + /3m') = l{r + /3m'; Q*,^^,)- 

Further, the functional h^°(r2*°|xp^^) in (2.3.6) is determined as in Eqns 
(2.2.16)-(2.2.18), with n* . instead of Q*,. Next, for hMA°(12* |n*°V 



x|,^^) in (2.3.7), we set: 



h^\^° (oi^^o |o *° V xf^ J = h^\^" (oi\^o) + Hni^^o ^^^). (2.3.13) 

Here again, the summand h^\^°(r2^N^^o) is determined as in (2.2.12). Next, 
the term h^\^°(riX\^o | V xf^^) is defined similarly to (2.2.17)-(2.2.18): 

= E E h(-^).(^'.^')(Q:„n:,,) 

(i,i')e(A\AO)xAO xex*(j),a;'ex*(i') (2.3.14) 

+ E E h(-'^)'(^''')(o:„(x',o) 

ieA\A° a;ex*(i),i'ex*(i') 
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with 



0<m<fc^,i 0<m'<fc(^,_^,j_^0(^/,,/) 



X / dr 
'o 



E ^^'^ (^^.^(^ + «c.',i'(r + /3m')) 
fcOerxr 

xl (/^,i(T + /3m) f = k>,e{T + /3m')) 

and 

= E / dr [/(2)(^K,,,(r + /3m),x')l(/,,,(r + /3m) = z') 
+ E >^(d(j, ^'))^ + /3m), x') 1 (/,,i(r + /3m) = j) 



(2.3.15) 



(2.3.16) 



As before, the functionals h^(r2^) and h^(r2^| |xp^^) have a natural in- 
terpretation as energies of long-loop configurations. 

Repeating the above observation, non-zero contributions to the integral 
in (2.3.4) come only from pairs (17 , r2A\Ao) ^^^h that V j G F and r e [0, /3], 
the total number of pairs 

(ii(T + /3m;Q(^^^)^^o(^,i)),Z(T + ^m;Qj^^^)^^o(^,i))) with < m < k^^^,^),^o^^^,^), 

i e A° and x e x*(i) incident to the long paths of the configuration fi and 

pairs 

{u{t + /3m'; (];,^^,)> ^(^ + ^^y)) with < m' < k(^>,v), i' G A \ A° and 
x' e x*(i') incident to the long loops of the configuration f^AyAo does not 
exceed k. Similarly, non-zero contributions to the integral in (2.3.6) come 
only from pairs (O ,0^^^o) such that the above inequality holds when we 
additionally count points x e x*(j). 

The integral (A \ A"|f2 ) defined in (2.3 .5) can be considered as a 
particular (although important) example of a partition function in the volume 
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A \ A° with a boundary condition f2 . Note the presence of the subscript 

A indicating that the long- loops contributing to (A \ A°|f2 ) can jump 
within volume A only (owing to the indicator functional a^). On the other 
hand, the presence of the indicator functional l(r2^^^o G J^^°) in the integral 

(reflected in the upperscript A° and the roof sign in the notation (A \ 
A |f2 )) indicates a particular restriction on the jumps of the long loops, 
forbidding them to visit set A° at intermediate times /?/. The same can be said 

about the integral S^^^ (A\A''|f2 Vx^^^) in (2.3.7): it is a particular example 
of a partition function in the volume A \ A° with a boundary condition 



0*°Vx 



r\A' 



and 



Other useful types of partition functions are Hr" (^-^ 

Hro (|A|n*° Vl^ri Vx*2) where the sets of vertices A, A°, r°, and 
satisfy 

Acr°cr, r\rVr\A, r^nr2 = 0, a° c r\ (Aur^ ur^) 

- — • 

and #A, #A < +00. Accordingly, O is a (finite) long-path configuration 
over A°, fipi a (possibly infinite) long-loop configuration over and Xp2 
a (possibly infinite) particle configuration over F^. The partition functions 

Hpo ^A|r2*° V Opi j and Hpo ^A|r2*° V Opi V Xp2 j are given by 



Spo (^A\Q*^ V flri 



dniaro{m)B{m) exp 



A 



7=^*0 



-h''(12~|l^ 



(2.3.17) 



and 



Hpo A|ri vripiVx*2 



dOi aro(Oi) 5(Oi) exp -h^(Oi|0*° V 0*i V x*2 



A 



(2.3.18) 

with the indicator «po as in (2.2.19). These partition functions, featiuc long- 
loop configurations fl~ formed by long loops j, i E A, which start and 
finish in A, are confined to F'^ and move in a potential field generated by 
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12*° V 12^^ where fi*^ = {n(l,i),^o(,,i)} and Ori = e e T^} 

or ripi V Xp2 where x* = {x*(i),i G F^}. (The latter can be understood as 
the concatenation of the long-loop configuration fl^i over and the loop 
configuration over F^ formed by the constant trajectories sitting at points 
X e x*(i), i e F2.) In (2.3.17) we assume that, V r e [0,/3] and j G F, the 
number 

#{(a;, i, m) : i e A, /(r + m/3; fi* J = j, < m < /ca;,^} 
+#{(x, i) : i e A°, Z(t + m/3; ^^(^,i),^o(^,j)) = j, < m < /c(a;,i),^o(^,j)} 
+#{(x, i,m): ie r\ l(r + mP; = j, < m < k^^i} 

does not exceed k. Analogously, in (2.3.18) it is assumed that the same is 
true for the above number plus the cardinality #x*(j). 

Such 'modified' partition functions will be used in forthcoming sections. 



2.4. The FK-DLR measure fi^ in a finite volume. The Gibbs 
states cj? A and <^a ixi Si^e rise to probability measures a and U\\tf* on the 

' r\A ' r\A 

sigma-algebra 21Ja of subsets of W^. The sigma-algebra 22Ta is constructed 
by following the structure of the space (a disjoint union of Cartesian 
products); cf. Definition 2.8. The measures /Li^ and jUA|xi determined 



by their Radon-Nycodym derivative pa and pa|5c1 



r\A 

relative to the measure 



/^A(dOl) 

dm 



^aA(01)i?(01)exp [-h\Ql)] , e Wl, 



(2.4.1) 



and 



r\A 



S(A|x 



r\A'' 



= aA(121)5(121)exp -h^nim^^) , 121 eW-;. 



(2.4.2) 



Given A° C A, the sigma-algebra 22Jao is naturally identified with a sigma- 
subalgebra of 2JJa; this sigma-subalgebra is again denoted by SUa"- The 
restrictions of /x^ to 2JJao and /Xa|x* are denoted by and /i^"^^^ ; these 
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measures are determined by their Radon-Nikodym derivatives Pa'{^ao) '■— 
and rf;^ (a 



'A", 



r\A 
dfll 



The first key property of the measures /x^ and ^tA|xi expressed in 
the so-called FK-DLR equation. We state it as Lemma 2.5 below; its proof 
repeats a standard argument used in the classical case for establishing the 
DLR equation in a finite volume. 

Lemma 2.4. V A° C A' C A, the probability density admits the 
form 



Pa i^lo] 



[ q^{^, M^' (dOl^A,) (2.4.3) 



where 



Q^Ia' i^Uni^^,) = exp [-h^° (f^lo|f21\A,) 

(A^\A°|^7l.,v^l l\^,) 



(2.4.4) 



and the conditional partition functions Ha (A' \ A°|r2* V O^^^,) and 
Ha (A'|f2^s^^,) are determined as in (2.3.17). 
Similarly, for p^L* we have: 

I r\A 



Pa\ 



(f21o) = / q^{j,, (^lo\ni^^, V xf ) (d01\^,) (2.4.5) 

r\A Jw* , ^ ^ / ' r\A 



where 



Qa\a 



Ha (a' \ A° 



(2.4.6) 



Ha (a'|01^^,Vx1^^) 



and the conditional partition functions Ha ^A' \ A"^ | fl\o V riA\A' ^ '^f\A) 
Ha ^A'jO^y^, V x^;^^^ are determined as in (2.3.17). < 
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As in [7], Eqns (2.4.3) and (2.4.5) mean that the conditional densities 
(f2^o|r2^^^,) and p^^-^*_ (r2Ao|^A\A') relative to a-algebra 211'^^'^ coin- 



cide, respectively, with q^^^, {n*^\ni^^,), and q^^^^, [n*"\ni\^^, V x^^^j, for 
/^^^^- and Ma|^^ -a.a. fil\A' ^ ^a\A' ^^'^ ^-^^ ^a" ^ ^a*o- 
As in [7J, we call the expressions g^VA' (^ao|^a\a') 

^f2^o|riA\A' ^^f\A)' ^^^^ expressions g^^^' °|^a\A') 

^f2*° I ri^^^, V x^T^^ j appearing below, the (conditional) RDM function- 
als (in brief, the RDMFs). The same name will be used for the quantity 
q^\j^, (fl\o\^X\j>^/) from Eqns (3.1.3)-(3.1.4) and the quantity g^"^ ^$7*° | fip^y^^ j 

from Eqns (3.1.5)-(3.1.6). 

The second property is that the RDMKs Ff (x*°, y*°) and F;^L (x*°, y*°) 

' r\A 

are related to the measures /Xa and /Xa 15^. . Again, the proof of this fact is 

' r\A' 

done by inspection. 

Lemma 2.5. The RDMK Ff (x*°,y*°) is expressed as follows: V A° C 
A'c A, 

Ff (x*°, y*°) = / P^o ,o(dn*VA(n*°)B(n*°)i fn*' e 



X 



'A\A' 



A\A' 



where 

qf{^, = exp [-h^"(n*>; 



(2.4.7) 



A\A' 

E^A'\A^\n*\ni,,,) (2.4.8) 
HA(A'|f21\^,) 

Similarly, 

Ff,,. (x*°, y*°) = / P^o ,o(dn*VA(n*°)B(n*V (n*° g 

/^^^l ^ (df2X\A') l(f^MA' e ^^°)g^;A' (n*>f ^, vxj 



ly* r\A 



r\A^ 
(2.4.9) 
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where 

Qa\a' |^A\A'Xr\Aj = exp 



X 



K l_ " " r "AXA' - ^r\A y 

if (a' \ AO|n*° V V xf^^) (2.4.10) 



Ha fA'|riX\A' Vx; 



Here the partition functions ( A' \ A° 



A\A' 



r\Ay 
and 



(^A' \ A0|O*° V V xf^^j are determined in (2.3.5; and (2.3.7). < 

Remcirk 2.3. Summarizing above observations, the measures /x^ and 
/^A|x*,^^ are concentrated on the subset in formed by long-loop configura- 
tions Q\ such that V r e [0,^], the section ^\{t) has < k, particles at each 
vertex i e A. 
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3. The class of Gibbs states & for the Fock space model 



3.1. Definition of class &. In this section we apply the idea from [7\ to 
define the class of states & for the model introduced in Section 2 and state 
a number of results. As in [7j , the definition of a state (p E & is based on 
the notion of an FK-DLR probability measure fi on the space W^', the class 
of these measures will be also denoted by (5. 

Definition 3.1. Space is the (infinite) Cartesian product x W^^^ (cf. 

Eqn (2.2.5)); its elements are long-loop configurations fip = i G F} 

over F. A component f2*(i) is a finite long-loop configuration (possibly, 
empty), with an initial/final particle configuration x*(i) C M. Formally, 
0*(i) is a finite collection of loops fi* j, of time-length I3kx,i where kx^i = 
1,2,.. ., starting and finishing at a point {x, i) G M x F. For reader's conve- 
nience, we repeat Eqn (2.1.1) for the case under consideration: 



By 20 = 22Jr we denote the a-algebra in generated by cylindrical 
events. Given a subset F C F (finite or infinite), we denote by 22J'" = 2IJp 
the cT-subalgebra of 22J generated by cylindrical events localized in F. Given 
a probability measure ^ = /Xp on (PFp,2IJr), we denote by fi^ = ^tp the 



Definition 3.2. The class & under consideration is formed by measures 
H which satisfy the following equation: V finite A C F and A° C A, the 
probability density 



/° {n*') = {n*') := ^fr^, e Wlo, (3.1.2) 




(3.1.1) 



restriction of /J. on 22J'". O 



is of the form 




r\A 



(3.1.3) 
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where 



Hr (A\A°|ri*° V^2*\a) 



(3.1.4) 



Hr (A|f^r\A) 

and the conditional partition functions Hr (A \ A^jfi*'^ V r2r\A) ^^^^l 
Hr (A|r2r\A) determined as in (2.3.17). O 

As in [7j, Eqn (3.1.3) means that the conditional density 
pAO|r\A (^f2*o|f2p^^), relative to a-algebra SU'"^^, coincides with 

(ri*°|f2*\A). for ^p^-a.a. 17*^^ ^ W*^j^ and ly^o-a.a. fl*^ G W*o. 

Remark 3.1. The measure /Xr inherits the property from Remark 2.3 
and is concentrated on the subset in formed by (infinite) long-loop con- 
figurations r^r such that V r G [0, the section ^\{t) has < n particles at 
each vertex i G A. 

Given a measure G 0, we associate with it a normalized linear func- 
tional (p = if^ on the quasilocal C*-algebra Vb. First, we set 



7*0 



p;oyo(df2 lB(f2 ")l m G^ 



r*0 



-A" 



(3.1.5) 



where 



^0 ( 0*0 I o 

gr\A I ^ I ^ 



r\A 



exp 



H^ fA\AO|n*° Vf2 



r\A 



(3.1.6) 



Hr (A|f2r\A) 



This defines a kernel F^°(x*°, y*°), x*o,y*° G M*^°, where A° C T is 
a finite set of sites. It is worth reminding the reader of the presence of 

the indicator functionals 1 ^ ■ G in (3.1.5) and (3.1.6) (in the integral 

These indicators guarantee the compatibility 



for fA\A0|f2*° Vfl 



r\A 
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property: V finite A C A , 
F^"(x*o,y*0) 

Next, we identify the operator R^" (a candidate for the RDM in volume 
A°) as an integral operator acting in "Hao by 

(r^V)(x*°)= / F^°(x*°,y*°)0(y*°)dy*°. (3.1.8) 

Eqn (3.1.7) implies that 

tro. R^^ = R^". 

"-a1\aO 



Definition 3.3. The functional G C5 is identified with the (compatible) 
family of operators R^". If the operators R^° are positive definite (a property 
that is not claimed to be automatically fulfilled), we again call it an FK- 
DLR state in the infinite volume (for given values of activity z and inverse 
temperature /3). To stress the dependence on z and /3, we sometimes employ 
the notation &{z,fi\ O 

3.2. Theorems on existence and properties of FK-DLR states. 

We are now in position to state results about class &. We assume the 
conditions on the potentials U^^^ and U^"^^ from the previous section, including 
the hard-core condition for U^^\ 

Theorem 3.1. \f z, l3 e (0, +oo), any limiting Gibbs state G (5° (see 
Theorem 1.1) lies in (3. Therefore, the class of states (3 is non-empty. < 

Theorem 3.2. V z, /3 G (0, +oo), any FK-DLR state cp e & is G- 
invariant, in the sense that, V finite A° C F and V g G G, the RDM R^° 
satisfies (1.5.2). Consequently, Eqn (1.5.3) holds true. < 

As in |7|, the invariance property can be formally extended to ground 
states. We call a state Tp (of C*-algebra ^) is a ground state (for a given 
value 2; > 0) if there exists a sequence of states (p^ G &{z, f3n) with /3„ — )• cxo 
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such that ip = w* — hm Lp^. (The w*-convergence of states is again defined 

n— >oo 

in a standard way; cf. [1].) 

Corollary 3.3. Any ground state Tp (i.e., a w* -limiting point of states 
<Pn e (3{z, f3n)) obeys (1.5.3). < 



37 



4. Proof of Theorems 1.1, 1.2 and 3.1.-3.3 



4.1. Proof of Theorems 1.1 and 3.1. The proof is based on the same 
approach as that used in [7]. First, given A° C F, we estabhsh compactness of 



the sequence of the RDMKs Ff (x*o, y*^) and F^" (x*°, y*°) (see (2.3.2)- 

' r\A 

(2.3.7)) as functions of variables x*° = {x*°(i)},y*° = {y*°(i)} G M*^\ 
with 

#xlO = #xlO and #x*°(z),#y*°(^)</t, z G A, 

when A F. Then we use Lemma 4.1 from [7j to derive that the sequence of 
the RDMs R^" and RaL* is compact in the trace-norm operator topology 

I r\A 

in Ti/^o. 



To verify compactness of the RDMKs F^°(x*°,y*°) and F 



A|5cl, . ' 
r\A 



,,*0 



we, again as in [7j, use the Ascoli-Arzela theorem, which requires the prop- 
erties of uniform boundedness and equicontinuity. These properties follow 
from 



Lemma 4.1. (i) The RDMKs Ff(x*°, y*°) and F^L 



the bounds 
Ff(x*o,y*0) 



Aix* vx*°,y*°) admit 

' r\A 



' * A|x* 

r\A 



:x*°,y*°) 



< [(/«#AO)!](pM)'^#^''exp (#A0)/s:/3(?7^'^ + /tf/^'^ + U{1)V) 



(4.1.1) 



where the constant pm has been determined in (2.1.7) and the upper bounds 

U^^\ U^^\ 7(1) and V in (1.3.1), (1.3.2) and (1.3.5). 

(ii) The gradients of the RDMKs Pf (x*°, y*°) and F^L (x*o, y*0) sat- 

' r\A 



isfy; V z G A and x G x* (i), y E y 



r*0( 



V.Pf (x*o,y*o^ 



V,Ff(x*o,y*0) 



VxF;^;,, (xO,yO) 

' r\A 



V.Fa; (xO,yO) 

r\A 



< (#AO)pM [(/t#AO)!] (pm)''*^° [«:/3(f/^'^ + + J(l)F) 

X exp [(#AO)K/3(f7^^^ + kF^^^ + kJ(1)F) 



(4.1.2) 
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with the ingredients pu and u'^^\ U^'^\ J(l) and V as in statement (i).< 

Proof of Lemma 4.1. Bound (4.1.1) is established in a direct fashion. 
First, we majorize the energy 

h''\n*'\ni^^o) = h^°(n*°) + h{ni^^o\ |n*°) 

contributing to the RHS in (2.3.4) and (2.3.5) and the energy 

h^°(n*°|f7X\^o vxf^j = h^"(n*°|xf^j + h(f2i\^„i in*°) 

contributing to the RHS in (2.3.6) and (2.3.7). This yields the factor 
exp [(#A°)k/3(F^^^ + kU^^^ + kJ{1)V) 

Next, we majorize the integral = / P **o y*o(dr2*°) in (2.3.4) and 

(2.3.6); this gives the factor 



(#A°)pM[(/t#A°)!](PAf)''*^° [(#A°)/t/3(t/^'^ + + KJil)V) 

The aftermath are the ratios (2.3.2) and (2.3.3) with x*° = y*° = 0; they do 
not exceed 1. 

Passing to (4.1.2), let us discuss the gradients Vx only. (The gradients 
in the entries of Vj; are included by symmetry.) The gradient in (4.1.2), of 

course, affects only the numerators (x*°, y*°; A\ A°) and (x*°, y*°; A\ 
A° I x|,^^) in (2.3.2) and (2.3.3). The bounds (4.1.2) are done essentially as 

in [7]. For definiteness, we discuss the case of the RDMK Ff (x*o,y*0); the 
RDMK F^°_^ (x°, y°) is treated similarly. There are two contributions into 

the gradient: one comes from varying the measure P^*o_y,o(df2*°), the other 
from varying the functional 



exp 



'A\AO 

?he first contribution can again be uniformly bounded in terms of the 
constant pm- The detailed argument, as in [7], includes a deformation of a 
trajectory and is done similarly to [7] (the presence of jumps does not change 
the argument because pm yields a uniform bound in (2.1.7)). 
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The second contribution yields, again as in [7], an expression of the form 

J W 1*0.^,0 -^An . n/-N 

X exp 



'^x*0,y.O iGAO n-ex-O(i) (4.1.3) 



where the functional ^x,iiS^\x,i),-iO{x,i)t ^a\ao) uniformly bounded. Combin- 
ing this an upper bound similar to (4.1.1) yields the desired estimate for the 
gradients in (4.1.2). □ 

Hence, we can guarantee that the RDMs and RiL. converge to 

r\A 

a limiting RDM along a subsequence in A T. The diagonal process 
yields convergence for every finite A'' C F. By construction, and owing to 
Lemmas 2.4 and 2.5, the limiting family {R"^"} yields a state belonging to 
the class (S. This completes the proof of Theorems 1.1 and 3.1. □ 



4.2. Proof of Theorems 1.2 and 3.2. The assertion of Theorem 1.2 in 
included in Theorem 3.2. Therefore, we will focus on the proof of the latter. 

The proof based on the analysis of the conditional RDMFs gp°^ {o, 

and g^^^ ^f2*° | f2p\^^ j introduced in Eqn (3.1.4) and (3.1.5). For definiteness, 

we assume that vertex o G A°, so that A° lies in the ball A„ for n large 
enough. As in the problem is reduced to checking that \/ z,l3 E (0, oo), 
g G G and finite A° C F, 



9r\A{n) [S^^ I ^ ^r\A(n) J 



lim \ ^ f = 1; (4.2.1) 

1r\A{n) I^MaH 



here we need to establish this convergence (4.2.1) uniformly in the argument 

^r\A(n) = ^ r \ A(n)} with < k and in fl outside a set of 

the P^o yo-measure tending to as n — > oo. The latter is formed by long-path 
— *o 

configurations Q that contain trajectories visiting sites i G F\A(r(n)) where 
r{n) grows with n; see Lemma 4.2 below. The action of g upon a long-path 

— *0 rTT* 

''{x,i),'yO{x,i)^ ' 



configuration f2* = {flL j) o/^ j), ^ ^ x G x*°} is defined by 



gn*° = {g^^(^,i),^o(^,i)} where (gfi(^,i),^o(^,i)) (r) = g (f^(^,,),^o(^,,)(r)^ 
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We want to establish that V a G (l,oo), for any n large enough, the 
conditional RDMFs satisfy 



a^\K{n) (g^™ I ^r\A(n) ) + «^\A(„) (g ^ ^^'1 ^T\Hn 



7*0 



r*0, 



(4.2.2) 



As in [7], we deduce (4.2.2) with the help of a special construction of 

'tuned' actions gA(n)\Ao long-loop configurations CL'A(n)\AO (over which there 

is integration performed in the numerators 
/ , *n 

Hp (A(n)\A° gf2 vri 



r\A(n) 
AO / 7T*0 



^A° / , *n 

and Hp (A(n) \ AO g-ifi V f2 



r\A(n) 



in the expression for g^^^"^(^)(gf2™|rip\A(n)) and gr\A(n)(g ^^*°l^r\A(n)))- 
The tuning in gA(n)\AO chosen so that it approaches e (or the d-dimensional 
zero vector in the additive form of writing), the neutral element of G, while 
we move from A° towards F \ K{n). 

Formally, (4.2.2) follows from the estimate (4.2.3) below: V finite A'^ C F, 
ri G W j\^{n), g G G and a G (1, oo), for any n large enough, V f^A(n)\AO — 
G A(n) \ A°} and riJ\A(n) = K{n)} with #ri*(i) < k. 



exp 



a 

+ -exp 



h^W((gf2*°)V(g 



A(n)\AO ^A(n)\AO ) I ^r\A(n) ) 



h^W((g-lf2*°) V (gX;„)\Aof^l(n)\Ao)|f^r\Aw) 



(4.2.3) 



> exp 



A(n)\AO|^'r\A(n) 



In (4.2.3), the long-loop configuration gA(n)\AO^A(n)\AO determined by 
specifying its temporal section {gA(n)\Ao^z,j(''" + G A(n) \ A^,x G 

x*(i), < m < k.j.^i}. That is, we need to specify the sections 

{u{t + [3m- gA(„)\AO^x,i), K'^ + gA(n)\AO^x,i)) 

for long loops fi* j constituting gA(n)\A0^A(n)\A0- To this end we set: 



u{t + 13m- gA(„)\AO^:,i) = gf^u{T + /3m; 0^1 ■) 
if /(r + /3m;g^(„)\^ofi*,i) = j. 



(4.2.4) 



In other words, we apply the action gj"^ to the temporal sections of all long 
loops f2* j located at verrex j at a given time, regardless of position of their 
initial points (x, i) in K{n) \ A". 
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Observe that (4.2.2) is deduced from (4.2.3) by integrating in dfi^^^^^^o 
and normalizing by SA(n)\Ao(r2p^^(-„)); cf. Eqn (2.3.4) with A' = A(n). (The 
Jacobian of the map ^^n)\Ao ^ gA(n)\A0^A{n)\A0 equals 1.) 

Thus, our aim becomes to prove (4.2.3). The tuned family gA(„)\AO is 

(n) 

composed of individual actions G G: 

gAH\Ao = {gf \ J e AW \ A^}- (4.2.5) 

Elements gj""* are powers (multiples, in the additive parlance) of element 
g G G figuring in (4.2.1)-(4.2.3) (respectively, of the corresponding vector 
9_ G M; cf. Eqn (1.2.1)) and defined as follows. More precisely, let 6_^J^'' 
denote the vector from M corresponding to gj^\ We select positive integer 
values f{n) = [log (1 + n)] and set: 

e'^^^ev{n,j) (4.2.6) 

where 

v{n,j) = l'\ , d(o,j)<r(n), ^^^.7) 

I 'i?(d(j, o) — r{n),n — r{n)), d{o,j) > r{n). 

In turn, the function i? is chosen to satisfy 

^{a, b) = l(a < 0) + ^11.^ f z{u)du, a,beR, (4.2.8) 

Q{b) 



with 



g(6)= j\{u)dur. loglogft, 

Jq ^ □ (4.2.9) 

where Ciu) = liu < 2) + liu > 2)— , b > 0. 



Lemma 4.2. Given z,(3 & (0, oo) and a finite set A°, there exists a 
constant C G (0, oo) such that V x°,y° G M*^° the set of long-path con- 
figurations f2 G VFx*o,y*o '^^^^ (O ) < +oo which include trajectories 
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visiting points in F \ A(r(n)) has the P^o yO-measure that does not exceed 
C 



Proof of Lemma 4.2. The condition that (17 ) < +00 imphes that the 
total number of sub-trajectories of length ^ in f2 does not exceed k, x 
which is a fixed value in the context of the lemma. Each such trajectory has 
a Poisson number of jumps; this produces the factor 1/ ( [(1 + ) 1^- 



Back to the proof Theorem 3.2: let S^n)\AO the collection of the inverse 
elements: 



The vectors corresponding to g^""* are —d^'J''^ G M. We will use this speci- 
fication for gj"^ and g^"'' for j G A(n), or even for j G T, as it agrees with 
the requirement that g^"^ = g when j G A" and gj"^ = e for j G F \ A(n). 

Accordingly, we will use the notation g^(„) = G A(n)}. 

Observe that the tuned family gA(n)\A0 does not change the contribution 
into the energy functional h^(")l'"\^(") coming from potentials U^'^^ and U^^^: 
it affects only contributions from potential V. 

The Taylor formula for function V, together with the above identification 
of vectors 6^J^\ gives: 



V {sf^x, g^x') + V (gf g^^'^x') - 2V{x, x') 



(4.2.9) 



<C\e\^\v{n,j) -v{n,3')\'^V ,x,x' G M. 



Here C G (0, 00) is a constant, |^| stands for the norm of the vector 9_ repre- 
senting the element g and the value V is taken from (1.3.1). 
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Next, the square \v{n,j) — v{n,j')f can be specified as 



\v{n,j) -v{n,j')\^ 

'O, if d(j,o),d(/,o) <f(n), 
0, if d{j,o),d{f,o)>n, 
['d{d(j, o) — f{n),n — f (n)) 
— 'i?(d(j', o) — f{n),n — r(n))] ^, 
= < if f(n) < d(i,o),d(/,o) <n, 
't?(d(_7, o) — f{n),n — r(n))^, 

if f(n) < d(j,o) < n,d(j',o) e]f(n),n[, 
■i?(d(j', o) — f{n),n — f (n))^, 

if f(n) < d(/, o) < n, d(j, o) e]f(n), n[. 

By using convexity of the function exp and Eqn (4.2.10), V a > 1, 



(4.2.11) 



exp 



a 

+ -exp 



> a exp 
1 



(4.2.12) 



> a exp 



where 



{j,j')eA{n)xr 

The next observation is that 

T < 3P^'\9\' E l(d(j,o) < d(j',0)) J(d(j,/)) 
Oj')eA(n)xr 



(4.2.13) 



X 



■j?(d(j, o) — r{n),n — r{n)) — 'J?(d(/, o) — r{n),n — r{n)) 



(4.2.14) 
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where, owing to the triangle inequahty, for all j, f : d(j, o) < d{j', o) 

< 'i?(d(j, o) — f{n),n — f (n)) — i!}{d{j', o) — r{n),n — r{n)) 



This yields 
T < 

< 



Q[n - r{n)) 



Q{n-r{n)f 

^ ^ (jj')GA{n)xr 

^supE4.'d(j,/)'] E C(d(j,0)-f(n))^ 

ieAn+r-o 



Q{n-r{n)Y 



where function ( is determined in (4.2.9). 

Therefore, it remains to estimate the sum ^ C(d(j, 0) — f(n))^. To 

this end, observe that u({u) < 1 when u G (3, oo). The next remark is that 
the number of sites in the sphere E„ grows linearly with n. Consequently, 

E C(d(j, o) - f{n)r = E C{k- fin)) E ((k - f{n)) 

jGA„+ro l<k<n+ro j&^k 

<Co E C{k-f{n))<C^Q{n + ro-f{n)) 

l<k<n+ro 



and 



T < 



C 



— >■ oo, as n — >■ oo. 



Q{n — r(n)) 

Therefore, given a > 1 for n large enough, the term ae"*^^/^ in the RHS 
of (4.2.14) becomes > 1. Hence, 

a 



exp 



a 

+-exp 



> exp 



12*° V n 



r\A(n) 

17^ 



(4.2.16) 



A(n)\A« |**r\A(n) 



Eqn (4.2.16) implies that the quantity 



^A0|r\A(n)(n*°|f2,^^(„)) 



an 



^A(n)\AO 
\0 /-:=r*0 



A(n)\AO 



X 



exp[-hA {n* vr2l(..)\Ao|i2-\^o)] 

"A(n)(^^r\A(n)) 
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(4.2.17) 



obeys 



lim 

n— >cxD 



■^A0|r\A(n)^^O*0 



> 2 lim r7^''l^\'^("Vn*°|r)* 



(4.2.18) 



uniformly in boundary condition u;r\A(n.)- Integrating (4.2.18) in 
d/iP^("Vr\A(n)) yields (4.2.3). □ 



The proof of Corollary 3.3 goes along the same line as that of ??? from 
[7|. It does not require a new argument and we omit it from the paper. 
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